Chapter 41: atomic structure
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Three-dimensional Schrodinger equation
Particle in a three-dimensional box
The hydrogen atom
The Zeeman effect
Electron spin
Many electron atoms and the exclusion principle
X-ray spectra

Three-dimensional Schrodinger equation
The three-dimensional Schrodinger equation may be written with the Laplace
operator (Laplacian) as we previously encountered with electromagnetic
waves,
The Laplacian in Cartesian coordinates is given by
which allows us to write

The normalization condition for the three-dimensional wave function is

,

Three-dimensional particle-in-a-box
The stationary Schrodinger equation for the three-dimensional particle-in-abox is

where the potential energy is
Notice that the kinetic energy and potential energy do not contain any mixed
coordinate operators, e.g.,

or

. Thus, we may use a technique known

as separation of variables, which we already used to separate the position and
time components,

. Let us write

Knowing that there is no mixing of coordinates in the potential, we may also
write
. Therefore, the Schrodinger equation for
the three-dimensional particle-in-a-box may be rewritten as

.

Three-dimensional particle-in-a-box (cont.)
Taking the wave functions inside the parentheses in the bottom equation from
the previous slide gives

Dividing the above equation by

gives

Notice that the right-hand-side of this equation is equal to a constant energy E.
Because each term on the left-hand-side of the equation is a function of a
different variable, we know that each one of these terms is also a constant!!!

Three-dimensional particle-in-a-box (cont.)
We may now rewrite the Schrodinger as three separate equations (x, y, and z),

where

and

.

Each one of these equations is a separate one-dimensional particle-in-a-box
(1D infinite square well). We already know the wave function and energy
levels of the one-dimensional case, and therefore we can simply write

and

Three-dimensional particle-in-a-box (cont.)
We may now use
wave function,

to find the three-dimensional

Likewise, we can use
three-dimensional particle-in-a-box,

to find the energy levels for the

where
Note that the situation
means that the particle is trapped in
a cubic box with side length L. The energy level expression in this case
reduces to
Degenerate energy levels occur in the cubic box situation. For example, the
energy level corresponding to nx = 2, ny = 1, and nz = 1 is indistinguishable
from the energy level corresponding to nx = 1, ny = 2, and nz = 1.

Schrodinger’s description of the hydrogen atom
The hydrogen atom consists of a heavy proton with a light weigh electron.
They are both attracted to each other via the well-known Coulomb potential,

The proton is so much more massive than the electron that we assume only the
electron has a significant movement (electron in a Coulomb potential energy
that is fixed in space). The Schrodinger equation for the hydrogen atom is

The method for determining the wave functions and energy levels of the
hydrogen atom from the Schrodinger equation is shown in the supplemental
lecture Schrodinger’s hydrogen atom.

Wave functions and energies of the H atom
After some mathematical rigor, the wave functions for the hydrogen atom are
found to be

where

, and the spherical harmonics are given by
for
for

The associated Legendre polynomials are found via

.

The associated Laguerre polynomials are given by

.

The energy levels only depend on the fundamental quantum number n, and not
on the angular quantum numbers l and ml. The energy levels are

H atom and its angular momentum quantization
In the supplemental lecture, Schrodinger’s hydrogen atom, we separated
radial and angular terms with the constant
.
The orbital angular momentum L in the hydrogen atom can have values of
The above result is much different than Bohr’s model of an electron in a
planet-like orbit around a nucleus.
Consider the ground state n = 1, which corresponds to l = 0. Schrodinger’s
model predicts zero orbital angular momentum in the ground state.
Therefore, the electron is not orbiting, and instead it is in a delocalized
state surrounding the nucleus. Without orbital velocity, there is no
centripetal acceleration, and we are not concerned with radiative decay as
we were with the Bohr model!!!

The other quantum number ml and the orientation of our spherical coordinate
system allows us to write the z-component of the angular momentum,

Shell model and notation

Atomic units
It is often inconvenient to use meters as a unit of measure for quantum
systems. The Bohr radius a (sometimes written as a0 or aB) is calculated from
fundamental constants and can be used as a unit of length, where

Another issue people have with quantum mechanical equations is that there
are too many constants. The fundamental constants just relate natural scales of
measure to our standardized system created by humans to measure
macroscopic quantities.
A convenient set of units for quantum calculations at the atom scale is often
used and called atomic units (a. u.), where we set
A length of “1” in a. u. is the Bohr radius which is called a Bohr, a. The unit of
energy is called the Hartree, or Ha, named after the quantum chemist Douglas
Hartree.

Probability distribution of the H atom’s electron
From the radial wave function, we can find the probability of finding an
electron at a given distance from the nucleus r . The probability is found by
integrating the square of the wave function, where

The radial probability distribution
below.

for different states is shown

Electron orbitals of the H atom’s electron
Below are some cross sections of three-dimensional probability distributions
(orbitals) of the electron in a hydrogen atom.

Bohr Magneton
A plane current loop with vector area
moment given by

carrying current I has a magnetic

When a magnetic dipole of moment
field exerts a torque on the dipole,

is placed in a magnetic field , the

The potential energy from the presence of the magnetic field is

.

The magnitude of the magnetic moment can also be calculated,

We know the angular momentum is given by the relationship
therefore
In the Bohr model
magneton,

, and

. Thus, we may define a quantity called the Bohr

Zeeman effect
Electrons have the same gyromagnetic ratio
in the Schrodinger picture as
they do in the Bohr model. The interaction energy of a hydrogen atom’s
magnetic moment with an external magnetic field applied in the z-direction
is given by
The magnetic moment in the z-direction is

.

The interaction energy can then be written as
where ml = −l, …, 0, …, +l.

,

The interaction energy in terms of the Bohr magneton is

.

This interaction energy splits a single H atom’s degenerate energy levels into
2l+1 separate energy levels in the presence of a magnetic field.
l

l

l

Selection rules for quantum state transitions
Not all combinations of initial and final levels for an energy transition are
possible. This is because angular momentum must be conserved.
The photon carries off one unit of angular momentum, which requires that
l must change by 1 during a transition and m must change by 0 or ±1. These
types of requirements are called selection rules.
Transitions that obey these rules are called allowed transitions. Transitions
that do not follow these rules are called forbidden transitions.

Note that electrons spin, which slightly splits some energy levels in what is called spin-orbit coupling.

Stern-Gerlach experiment

When a beam of neutral atoms is passed through a nonuniform magnetic field,
atoms are deflected according to the orientation of their magnetic moments
with respect to the field.
If there were only orbital angular momentum, the deflections would split the
beam into an odd number 2l+1 of different components.
Some atomic beams were split into an even number of components!!!
Therefore, we must be dealing with some other additional angular momentum
with a quantum number of 2j+l with j = , , ,...

Electron spin
Similar to the orbital angular momentum, the spin angular momentum
electron is quantized.
In our coordinate system, the z-component of the spin is
The electron has a spin quantum number of

of an

.

, which gives

Just like the formula for the orbital angular momentum, the spin angular
momentum has a magnitude of
Thus an electron has a spin magnitude of

, where s = ½ for an electron.
.

Note that the spin s is a half integer for an electron while the orbital angular
momentum for the H atom was the integer l.
The experimental value for the associated spin magnetic moment is

Total angular momentum
The vector sum of

and

is the total angular momentum ,

The possible values of the magnitude J are given in terms of a quantum
number j by the relationship

For spin s particles, the total angular momentum states are

.

The + states correspond to the case in which the vectors
parallel z-components.

and

have

The − states correspond to the case in which the vectors
antiparallel z-components.

and

have

Ground state electron configurations

Exclusion principle and many-electron systems
The Pauli exclusion principle says that no two electrons in a quantum system
can occupy the same quantum mechanical state.
A consequence of the Pauli exclusion
principle is that no two electrons in the
same system can have all four quantum
numbers n, l, m, ms be the same.
When an atom has orbitals of equal
energy, the order in which they are filled
by electrons is such that a maximum
number of electrons have unpaired spins.

Electron screening
Due to the shell structure of an atom, the electrons in the interior shells shield
the outer electrons from the full potential of the nucleus, where the outer shell
electrons feel an effective nuclear charge, Zeff. This phenomena is called
electron screening.
For example, lithium (Li) has three protons and three electrons. The two core
electrons in the 1s state (one is spin up and the other is spin down) screen the
outer electron in the 2s state from the full nuclear potential.

The energy levels with screening are

.

X-ray spectra
The outer electrons of an atom are responsible for optical spectra while the
inner electrons are responsible for x-ray spectra.
The most intense short-wavelength line in the characteristic x-ray spectrum
from a particular target element, called the Ka line. The Ka line’s frequency is
a function of the nuclear charge,
The energy of the Ka x-ray photon is

Ka → L to K transition
Kb → M to K transition
Kg → N to K transition

Which of the following electron transitions is forbidden?

A. 4p → 1s
B. 3d → 2p
C. 3d → 1s
D. 3s → 2p

Which of the following represents the possible range of integer values for
the orbital quantum number in the hydrogen atom?

A.
B.
C.
D.

An electron initially in a 4p state decays to a lower energy state. Which
energy state is forbidden?

A. 2s
B. 2p
C. 1s
D. 3d

Consider the hydrogen atom. How does the distance between adjacent
orbit radii change as the principal quantum number increases?
A. The distance difference between adjacent orbit radii increases
with increasing values of the principal quantum number.
B. The distance difference between adjacent orbit radii decreases
with increasing values of the principal quantum number.
C. The distance difference between adjacent orbit radii remains
constant with increasing values of the principal quantum number.
D. The distance difference between adjacent orbit radii varies with
increasing values of the principal quantum number.

Consider the hydrogen atom. How does the energy difference between
adjacent orbit radii change as the principal quantum number increases?
A. The energy difference between adjacent orbit radii increases with
increasing values of the principal quantum number.
B. The energy difference between adjacent orbit radii decreases with
increasing values of the principal quantum number.
C. The energy difference between adjacent orbit radii varies with
increasing values of the principal quantum number.
D. The energy difference between adjacent orbit radii remains constant
with increasing values of the principal quantum number.

Electrons in the presence of a magnetic field transition from 4p energy
states to 3d states. How many different spectral lines could be observed
from these transitions?
A. One
B. Three
C. Five
D. Seven

Two entangled fermions each have equal probabilities of being in one of
two states (state 1 or state 2). The fermions are separated so that no forces
act between them. One of the fermions is then studied and found to be in
state 1. What is the probability that, when studied, the second particle will
also be found in state 1?

A. 0%
B. 33%
C. 50%
D. 100%

Which of the following represents the possible range of integer values for
the principal quantum number in the hydrogen atom?

A. −∞ to +∞
B. 1 to 1000
C. 1 to +∞
D. 0 to +∞

Which of the following represents the possible range of integer values for
the magnetic quantum number in the hydrogen atom?

A. 0 to +l
B. 1 to +l
C. 1 to n
D. −l to +l

