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Abstract

The problem of optimally controlling one-dimensional diffusion processes until they enter
a given stopping set is extended to include Markov regime switching. The optimal control
problem is presented by making use of dynamic programming. In the case where the Markov
chain has two states, the optimal homotopy analysis method (OHAM) is used to obtain an
analytical approximation of the value function, which is compared to the finite difference
approximation with successive updates of the nonlinear and coupling terms. As an example,
the method is applied to controlled population growth with regime switching.
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1 Introduction

The linear quadratic Gaussian (LQG) homing, optimal control problem was described in
Whittle and Gait (1970) to minimize the cost incurred up to a time t for the first entry into
a termination set D. Recently, Lefebvre (2014) successfully extended the optimal control
of one-dimensional diffusion processes entering a given stopping set to the case of jump-
diffusion processes.
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In this paper we further extend the problem by allowing the drift and standard deviation
of the controlled process to change based on the state of a Markov chain, which defines
the regime switching terminology. After Hamilton’s seminal work, Hamilton (1989) regime
changes have found applications in biology (Li et al. 2009; Liu and Wang 2010; Luo and
Mao 2007, 2009) and finance (Asmussen 1989; Lu and Li 2005).

Bacterial growth is related to this work and previously discussed by Hieber (2014). As
an example, consider a bacteria whose growth rate follows the regime switching model. If
the temperature is between 7| and 7>, the growth rate is described by a Brownian motion
with parameters (11, o1); however, when the temperature rises above 75, the growth rate is
described by (w2, 02).

As another example, consider the population growth of cancer cells given by the stochas-
tic Gompertz model, Ferrante et al. (2000) which can be written as a controlled stochastic
process. The size of the tumor depends on both the growth rate and control rate. This pro-
cess can be controlled until the tumor size is decreased below a critical value. The model
parameters L and o} can be assumed to change, e.g., multiple tissues or drug regiments.

We determine the optimal control for Brownian-like motions with regime switching. We
derive an analytical approximation for the value function of the uncontrolled process that
satisfies a system of nonlinear coupled equations using optimal homotopy analysis method
(OHAM). This analytical method is compared to a successive iteration, finite-difference
approximation.

2 Notation and Problem Formulation
2.1 Notation

Through out this paper we are going to use the following notation:

1. (£, F,P)is acomplete probability space; by € R*;

2. aAb=nmin(a,b);ifi € {1,2,...,n) wedenotebyi € {1,2,...,n}suchi #i;

3. {W(@):tels,T]} is a one—dimensional standard Brownian motion defined on
(2, F,P)over[s, T,

4. {a(r):t € [s, T} is a continuous time Markov process on (§2, F, P) with finite state

space Ml = {1,2,3...m}

Pla(t +dt) =1 a(t) =k) = qudt +o(dt) if k #1

Pla +dt) =1 a(t) =k) =14+ qdt +o(dt) if k=1

Z'}ll gij = 0;

Fr=0{W(s),a(s): 0<s <t}and W(t), «(t)independent;

6. the control u : Oy x M — U is an {Ft}i>s-adapted process on (§2, F,P) where
Qs =[5, T] x [a, b], for simplicity, we set u(f) = u(t, x, k);

7. UOs) = L®([s, T]; U) = the space of all bounded, Lebesgue measurable, U -valued
functions on [s, T]

b

Us,x) = {u() eU0(s) : x(t) € Osk;

8. afunction ¢(,,.,.) on Qs x M satisfies the polynomial growth condition; if for some
positive constants p and K, we have |¢(t, x, k)| < K(1 + |x|?);
9. CIZ(Q Yy ={D(t,x) | P(t,x) D;, D, Py, are continuous on Q;};
10. Cp%(Q5) =1{@(t,x) € C12(Qy) | @1, Dy, By
satisfy a polynomial growth condition}.
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11. We denoted by

> 1 0™ (352 uk(x)p*)
D (; vk(X)pk> = — 8;’" |p=0 = Uy,

the homotopy derivative, which satisfies the following properties:

if k > m.

3 - — if1l<k<m
-@m Uk(x)Pk = U, gm pk Mk(x)pk — Up—k 1 <k < ,

2.2 Problem Formulation

We consider a controlled Markov process (X (¢), «(t)) defined by the stochastic differential
equation,

dX (@) = p(a()dt + bou()dt + o (x(t))dW (), t€ls, T], 2.1

X(s) = x €la,b]l, als)==k. 2.2)

The control u : Oy x M — U is an {Ft}t>s-adapted process on (§2, F, P); for simplicity,

we set u(t) = u(t, X(t), x(t)). If Eq. 2.1 with the initial data X(s) = x has a unique

solution X (.), with u(t) = u(¢, X (¢), a(t)) belonging to UO (1), then we call u an admissible
feedback control for initial conditions (s, x, k) and & = (£2, {F}, P, X (s), u(s)). Let

Ti(x) =inf{t > s : X(t) =a, or b | X(s) =x € (a,b), a(s) =k}. 2.3)

denote the stopping time, and set 7z (x) = T A Ti(x).
For a given control u € U(s, x), let

Tk (x)
C(s, x,u(s), k) = / L(t, X(@), u(®), a(®))dt + gt (x), X (te(x)), a(wx(x))) (2.4)

be the cost function, where L : Qg x U(s, x) x M — R represents the running cost and
g : Qo x M — R is the terminal cost. Here, the terminal cost is assumed to be a convex
function. Let

JGsox,u k) = [Cls, x| MESY] 2.5)

be the expected total cost, where Méf("j)((s)) = {X(s) = x, a(s) = k}.

The goal is to find an optimal control u* € U (s, x) that minimizes the total cost

Vis.x. k)= J(s.x. k,u*) = inf E[J(s,x,u,k)|/\/t“’x("”] (2.6)
u(s)eU (s,x) a(s)

for all (s, x, k) € [0, T) x [a, b] x M. Note that the terminal and boundary conditions are
V(T,x,k)=g(T,x,k), V(x,k)ela,b] xM 2.7)
and
V(s,a, k) =g(s,a, k), V(s,b, k) =g(s,b, k), V(s,k)€[0,T]xM (2.8)
Throughout the paper, we assume the following:

1. lg(t1,y, j,u) — g(t2, 2,1, u)| < koly — z|, the terminal cost convex, kg € R .

2. Welet L(t,x,k,u) = %qobﬂ where ¢qo is a positive constant. This situation is often
referenced as “LQG homing” (Whittle 1983).
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It is clear that J (s, ., ., .) is convex on Qg x M and also V (s, ., .) is convex on [a, b].

3 Dynamic Programming
3.1 Optimal Control

Let V (., ., .) be the value function defined by Eq. 2.6,
Vix,s,k)=  inf E[(J(X(s),a(s),s)) | M(A"X“”] @3.1)

u(s), s<t <7 (x) a(s)

Lemma 3.1 The optimality equation for the problem including the plant (2.1), cost function
(2.4), and criterion (3.1) satisfies the Hamilton-Jacobi-Bellman (HJB) equation given by:

0= inf{l u*(s) + A“OV (s, x k)} (s,x,k) €[0,T] x [a,b] xM  (3.2)
T |27 o o ’ ’ .

V({T,x,k)=g(T,x,k), V(x,k)€la,b]xM 3.3)

V(s,b, k) =g(s,b, k), V(s,k)e[0,T] xM, (3.4
and

V(s,a,k)y =g(s,a, k), V(s,k)el0,T] xM, 3.5)
where

92V (s, x, k) N AV (s, x, k)

3.6
dx2 s (3.6)

1
AV (s, x, k) = Eaz(k)

Vs, x, k =z )
(k) +bou(s)]% +3 Vs, x, ) = Vs, x, k)]
Jj=1

Proof If we consider the infinitesimal time interval (s, s 4+ dt), V (s, x, k) can be written as

s+dt 1
Vs, x, k) = i?f)E[/ quuz(t)dt (3.7)

n wy J ¥ AMOX6)
" 5 dou ()dt + g (T (x), X (T (x)), ae(Te (x))) [ M) .

where ./\/l((;(s);’ ©) = {X(s) = x, a(s) = k}. The first summand on the right side simplifies

OE [ [ Lquwdr | MES] = Lqou (). Also,

X d X X
E |:E<‘(/ffk(x) (S + dt) | Mgts(s-‘r(;:; t))’ M(()f(s) (S)))> | M((XS(S) (S))j|
5, X (s
=E [er(x)(s +dn | Mf;(s)(v))] ’

where Yy, ) (s +dt) = [%5) Lqou?(0)d1 + g(ne(x), X (e (x)), (e (x)).
By making use of Bellman’s principle of optimality we obtain:

1
Vis,x, k) = 31(15E[5q0u2(s)dt

+ V(s +dt, X (s +dt), a(s +db)) | Mgf(’ff(”)] NGRS
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By using the following hypothesis
1. Plant equation (2.1)

X(s+dr)

X(s) + [u(k) + bou(t)]dt + o (k) AW (¢)
= X@)+ f(W, k,u,t),

where
Sk u, 1) = [(k) + bou(n)]dt + o (k) AW (1) .
2. Taylor expansion of

V(is+dt, X(s+dt),als +dt)) = V(s, X(s), a(s +dt))
+8V(s, X(s)a,sa(s + dt))dt
aV(s, X(s),a(s +dr))
_|_
ax
Ll 32V (s, X(s), a(s +dt))
2 ax2

3. linearity of the conditional expectation

E [V(s, X(s), a(s +d) = j) | M%‘”)]

m

= Z Vs, X(s), arjdt + V (s, X (s), b)(1 + gred?),

!:1
J#k

E[av(s,x(s),c;(wrdt) =j) |ij(’ff(”)]
S

LAV (s, X(s), J)
= Ziqk

oV(s, X(s), k
- Lt + (s, X(s), k)

3 (1 + grrdt),
S

!‘=1
J#k

AV (s, X(s), a(s +dt) = j) (5,X(5))
E|: ax | Ma(s)

m

aV(s, X(s), j) aV(s, X(s), k)
=) — L gyt + =220 2 (1 g,
X ax

Jj=1
J#k

2V (s, X(s), a(s +dt) = j) (5. X(5)
E [ o | Mags)
m

3V (s, X (s), j) AV (s, X(s), k)
- Z ax2 ijdt + ax2

(1 + gridt),

j:l
J#k

3.9

(3.10)

(3.11)

f(W, k,u,s)

FEW, k,u,s).

(3.12)

(3.13)

(3.14)

(3.15)

4. E[W(s+dt)] =0, E[W2(s 4+ dt)] = o%(k)dt, the independence between oz and W.
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we obtain
! 1 V(s x, k
Vs, x, k) = V(S’x’k)"‘lil(lsl;[zCJ()uz(S) n Eaz(k)%
AV (s,x, k) 3V(s,x, k)
+
0x

as

+l(k) + bou(s)]

+Y gV x, j) = Vs, x k)l + O(dt)]dt. (3.16)
j=1

O
3.2 Verification Theorem

The following verification theorem is an adaptation of Theorem 8.1 by Fleming and Soner
(2006) in the LQG with switching case.

Proposition 3.2 (Verification Theorem) Suppose that there exists a function ¢ : OsxM —
R such that: ¢(., ., 1) € ch2(0y) N C,l,’z(Qs) for each | € M, and ¢ satisfies the HIB
equation, (3.2)—(3.5). Then:

1. For any initial condition (s, x, «(.)) € [0, T) x [a, b] x M, and any admissible feedback
control u(.),
@ls,x, k) < J(s,x, k,u()). (3.17)
2. Moreover, if u*(.) is an admissible feedback control such that
W*(s) = argmin [A"(S)go(s, x(s), k) + L(s, x(s), k, u)] , (.18)
u(s)eU(s,x)
then
o, x, k) =V(s,x, k) =J, x,u*, k) Y(t,x,k) € (s,T) x [a,b] x M, (3.19)

and u*(.) is an optimal control.
3.3 Uncontrolled System

Differentiating A*® (s, x(s), k) + L(s, x(s), k, u) with respect to u(s) yields the optimal
control u*(s) of u(s), where
by 0V (s, x, k)

* —
ui(s) = q0 ax

(3.20)

Substituting this value into Eq. 3.2 results in two coupled, second-order, non-linear
equations,

1, 02V(s,x.k) B3 [aV(s,x,k)\* AV (s, x, k)
oty ——— 0 (> k) —— 7
27 O 240 ox L
Vs, x, k) — .
T Y gy lV G ) = V(sx 0] =0, (3.21)

j=1
With Eq. 3.21, we may now approximate the value function for the uncontrolled system via

OHAM (Liao and Zhao 2016). The accuracy of the analytical approximation with respect
to the sum truncation order is compared to a numerical approximation.
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In the sequel we assume s = 0, o(k) # 0and m = 2; we let V(x, k) = Vi (x), we set
_ 1. b 2 _ 2
Ry = T20 %’ Sk = Uz(k)ﬂ(l)v Ty = 2@

4 Computational Algorithm
4.1 Optimal Homotopy Analysis Method OHAM

In order to obtain an analytical approximation to the value function V;(x) via OHAM, we
first begin with the following equation
HVi0)] = Vi) + Ri(V;(x))* + Si Vi (x)
+Tiq;;[Vi(x) — Vi(x)] =0, 4.1)
subject to the boundary conditions
Vila) =i, V(D) =B, (4.2)
Let rewrite Eq. 4.1 as follow:
MV = Vi) + Vi) + Ri(Vi(x))? + (S; = n)\Vix) + Tigis[Vi(x) = Vi ()]

with an r optimization parameter that will be obtained by minimizing the errors on the
value function. By using the technique of OHAM (Liao and Zhao 2016), we construct the
so-called zeroth-order deformation equation.

(1 = p)Zi1Vi(x; p) — vio(X)] = phi 7 (x) A [V; (x; p)], 4.3)

where p € [0, 1] is the embedding parameter, i; # 0 is an auxiliary parameter (convergence
controller), and .%; are auxiliary linear operators. The initial guess is V; (x; 0) = v; o(x) and
J€;(x) denote the nonzero auxiliary function. We see when p = 0 and p = 1, V;(x; p) =
v;.0(x) and V;(x; 1) = V;(x), which must be one of the solutions to the nonlinear equation
A[Vi(x)] =0, i = 1,2, as proven by Liao (1995, 2004).

Expanding V;(x; p) in via a Taylor series with respect to p, one gets

oo
Vi(x; p) = vi0(X) + Y vim(X)p", where v (x) = D (Vi(x; p)). (4.4)
m=1
Applying the mth-order homotopy-derivative operator (2.1) to both sides of the zeroth-
order deformation equations (4.3), it is straightforward to obtain the mth-order deformation
equation:

Livim () = XimVi,m—1(x)] = i SE X R m—1(x), 4.5)
where
NRim—1(X) = D (pA; (Vi (x; p)))
Pvimo1 () NS (B0 (0) Bvrmo1—j (x) d; 1 (x)
- —_— R . ’ S :
ax2 + sz(}( dx dx >+l 0x
+7Tig;7 07,1 (%) — Vizm—1 ()], (4.6)
and
_ 0, m<l1
Xm = 1, m>1.
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Knowing that we have much freedom in choosing our initial guess (Liao 2003), we choose
our initial guess in terms of exponential functions:

_ . — ﬂ _ o — ﬂ
vio(x) =Y aiwe ™ with ajo = o; — e a4 = ———

e—Ta — efrb e—Ta — efrb :

From our initial guess, we can choose a finite base functions and auxiliary function as
follow:
By(x) = e |n=0,r>0}, Byx)={"" |n=2r>0}
Brx) ={"" |n=0,n=1,r >0},
H(x) = e H* 4.7
Let
V = span{%,(x)}, V*=span{Z(x)}, V= span{gg’,,(x)}.

Now we are going to define explicitly the linear operator and its inverse as follows:

LV —V
d? d
b L) =5l
X
LV — v
—nrx -1, —nrx e "
€ = "Z (e )=r2(n2—n)

Remark 4.1 The method of directly defining inverse mapping (MDDiM) (Liao and Zhao
2016) we can define the inverse mapping .,?i_l, without calculating any inverse operators
i.e .Z; does not need to be specified.

Since lim,,—, 4« ¢, the base solution %, (x) is finite.

The following proposition is an adaptation of the convergence-theorem (Liao and Zhao
2016) in the case of a nonlinear coupled differential system.

Proposition 4.2 If the convergence-control parameters h;, r are properly chosen so that
the series

Vi) = vio() + Y vix(x), i=1,2, 4.8)
k=1

is absolutely convergent, then it must be a solution of the original equation (4.1-4.2).

The parameter r can be determined by minimizing A4; (V; (x, r)).

Let Vi(x, r) = Zzzo vir(x, ); if A[Vi(x,r)] = 0, then V;(x, r) is the exact solution.
If A} [\7,~(x, r)] # 0, then there are residual error functions that can be evaluated at any
point x in the domain of the problem. Taking the affine combination square of the L2-norm
of error functions

E@x,r)= / Z{JV[V (x, N1} dx,
we obtain

F = argmin & (x, r)
r
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4.2 Finite difference Method for the Uncontrolled Equation

The differential-difference equation, Eq. 3.21, in the interval [a, b] is discretized. We let
h = ,l\’,;jl,xi =xo+ih,i=0,1,2,...,N+1,x9 =a,and xy+; = b. We use the central
difference approximation for the second-order derivative,
o> (NAV; 0% () Viir1 =2Vii + Vii-1 9)
2 dx2 2 h? ’ ’
where j = 1, 2 denotes the regime. The first-order derivative in the advection-like term is
evaluated using the first-order upwind scheme criterion,

Vii+1 — Vji
h

where @ is the Heaviside step function. The first-order derivative that is squared is
approximated with a central difference,

bt (dV;\* b} >
The discretization of Eq. 3.21 follows as
o ()) Viir1 =2Vji +Viic1 b
2 h? 8qoh?

. dV; o Vii— Vi .
n(j) T ~ O () B — +6 (—u () , (4.10)

2
+3 g (Vii — Vi) =0. (4.12)
=1
By letting V; o = «j and V; y+1 = B, we obtain the following matrix equation,
ANV ) =F()). (4.13)
with B _
d@j) e(j) 0 ... ... 0
c(j) d(j)e(j) 0 ...... 0
0 c(j) d(j) e(j) O ... 0
0 . .0 .0
A=t v g 0 0
0 .. .0
: : : S0 . T e())
L 0O 0 0 0 0 0 c@()dQ]

The coefficients of the tridiagonal matrix are

O NNTE0) .
ety = T4 Do iy, (4.14)
. 2, . .
a) = "o win - TP Do gy, (4.15)
Lt p() .
ey = 2L D6y (4.16)
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The F vector is given by
F(j)=(Fj1,.... Fjn)'

b2 ) 2
Fii= 8q00h2 (Vi = Vi)™ = > ajt (Vii = Vi) = Hji (4.17)
=1
where
c(PDa; ifi=1
Hjj=1e(H)B;, ifi=N
0 elsewhere.
Vi) = Vit ..., V;n)T are obtained iteratively. Taking an initial approximation
vO(j) = (Vj(ol), e, V;%)T, we solve

V(H*D = A7 (GHFP ().

for k = 1, 2, 3, ... until the difference between the kth and (k — 1)th vectors is negligible.
The numerical approximation was computed using Python with NumPy. The Heaviside step
function was defined from the SymPy library.

Remark 4.3 We can discretize the uncontrolled system and use the finite-difference method
to get both the value function and optimal control (Wang and Forsyth 2008). In this paper we
focus on the uncontrolled system with the LQG control defined with respect to the uncon-
trolled value fuction. Thus, were are also able to get an approximate analytical expression
via OHAM to compare with the numerical results.

5 Extending an Application to Include Regime Switching

The Gompertz law is known to describe the growth of tumors in patients (Bassukas 1994).
The size of a tumor, x(¢), is modeled as

d
Y Ax+ ArxIngx, (5.1)
dt
where A is the tumor’s growth rate and A; is the control rate. If the growth rate varies over
time, 6(t) = A; + oe(t), with A being the constant mean value, 6(¢), o > 0 being the

diffusion coefficient, and ¢(¢) being a normal distributed white noise, then
dx = {A1x + AyxInx}dt + ox dW,. (5.2)
The standard Wiener process is denoted by dW; in Eq. 5.2. The exponent, iy = —Inx,

follows the Ornstein-Uhlenbeck process as a consequence of Eq. 5.1,

= {(%az _ Al) + AZW} dt +odW,. (53)

Let us assume that o (k) depends on some state of the Markov chain; then, we may
transform (5.3) into a controlled process by setting

Ar(k
w = 2y ) (5.4)
0
and |
pk) = Eaz<k> — Ay (k), (5.5)
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Numerical
—-=- From v;o
............ From vio + V)1

- - —From 3 v
=0

Value function

Fig. 1 a The value function for both regimes for the parameters iy = hp = —1, g0 = 1, g12 = g21 = 0.2,
by =1,0(1) =15 0Q2) = 1.1, u(1) = 04, u(2) = —0.8, and third-order optimized r = 0.322943.
The third-order perturbation from OHAM (solid black line) shows a trending convergence to the numerical
approximation (thick gray line) relative to the initial guess (dash-dot line). Approximations with odd-ordered
truncations appear to be closer with the same optimization parameter r relative to even ordered truncations
using the odd-ordered optimization parameter. The optimum control determined from the value function is
shown in (b) and (¢)

where u(t) is the control drug concentration at time ¢. We substitute (5.4) and (5.5) into
(5.3) to get

dy (1) = p(k)dt + bou(t)dt + o (k)ydW;, ¥ (10) = o. (5.6)
According to Section 3.3, we found the minimal value of the control drug given by
e _bodVank)
q0 Y

and V (y, k) is approximately equal to V (¢, k).

Numerical
—-—- From vjo
s FEOM Vi + V)1

- = —From 3 v;;
=0

Value function

Fig.2 a The value function for both regimes for the parameters b1 = hp = —1,g0 = 1,q12 = 0.3, 421 = 0.2,
by =1,0(1) =1.8,0(2) = 1.3, u(l) = 0.4, u(2) = —0.8, and third-order optimized r = 0.275079. The
optimum control determined from the value function is shown in (b) and (c)
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Suppose the controlled cancer growth can be modeled using some generic parameters.
The boundaries are given by V; (@) = o; and V; (b) = B;, where we have set a = 1 and
a relatively long-time boundary b = 5. Figure 1 shows the value function for first initial
guess and following three iterations in the OHAM approximation. The converged succes-
sive iteration approximation using finite differences is also shown in Fig. 1. The value
function approximations from higher-order OHAM perturbations begin to converge towards
the numerical approximation. Figure 1b and c are the optimal control values calculated
using (3.20). The numerical solution is very precise. There is a large difference between u*
from low-order OHAM approximations with the third-order optimized r and the numerical
solutions; however, we see a definite improvement in the OHAM approximation for approx-
imations truncated to first- and third-order. The numerical and OHAM approximations to a
second set of generic parameters is shown in Fig. 2.

6 Conclusion

We have extended the results proved by Whittle (1983) and Lefebvre (2014) to the case of
a one-dimensional Markov regime switching model. For simplicity, we focused on the case
where the underlying Markov chain has two states. We showed approximate solutions to
the Gompertz law via an analytical expression using OHAM as well as a successive iter-
ation method based on finite differences. An initial guess of a function constructed from
exponentials was used in the OHAM approach, which only required a single optimization
parameter for the arbitrarily gained inverse linear operator. The results of this paper com-
bined with the OHAM and/or successive iteration method can be followed to solve many
more problems in mathematics and sciences (Dawson and Kounta 2019).

The very nature of a linear quadratic Gaussian allows us to determine the control from
the value function determined by the uncontrolled problem. The presented method can be
directly applied to population growth of bacteria or tumor growth with parameters rooted
in environmental factors that include regime switching. This method can possibly be fur-
ther extended to include a Markov chain with more than two states as well as extending the
results to include jump-diffusion processes. The resultant analytical expressions obtained
from OHAM can approximate the value function for systems described by regime switch-
ing stochastic equations, although higher-order expression may be needed for increased
precision for large domains. Complicated nonlinear functions will likely result in lengthy
expressions that require computer algebra programs to solve and store the expressions.
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Appendix A: Proof of Proposition 4.2
Proof

L)) =2 {Xi,mvi,mfl(x) + 1L Iie_zrxmi.mfl(x)] +ciy + C('fe_m]

14

= XimZLiim—1 ()] + hie Ry o1 (x) (1
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Because £ 0. L '(x) =x, VxeVand Z(x)=0, Vxe V* (1)implies

> (Lol = Lo 0D = 3 (e 91 (0)

j=1 j=1

m
= L] = Lo+ Y (e ™ j-1()
j=1
Because .Z’[v; 0(x)] = 0, we obtain
o
lim 2 i (1)) = hie” P Y0 (0, (1)
j=0
Also, Eq. 4.8 is absolutely convergent, and therefore
lim v;,(x)=0.

m— 00

Then

oo
hie 2%y O (0) = M L (i () = Zi( im_ vin(x)) = Z5(0) =0
j=0

Because fi; # 0 and e~ > # 0, it follows that

o0

> i) =0.

j=0

Also note that the Taylor series of

o0 o0
MY viip! | =Y % j0pd,
j=0 j=0

atp =1

A Do vip@) | =D %) =0.
j=0 j=0

Appendix B: Recursive Calculation of the Value Function Via OHAM
By using Eq. 4.5, we obtain
Vi (X) = XimVim—1(x) + 1 L7 [€_2rx?ﬁi,m71(x)] + iy + e,

where .Z-(c% +cfje™™) = 0 and cfj, cf| are constants of integration, which will be
determined from the boundary conditions. By making use of Eq. 4.6, we obtain

Rio(x) = Rirtale ™™ + [ajir? — Sianr + Tiq;i(az; — ain)le ™™ + Tig;i (azo — aio)
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1168
and
) ef4rx ) —3rx
vi,1(x) = h; Rjaj I + Rilaiir® — Siairr + Tig;;(a;; — ain)] %)
—2rx
e 1 1 —rx
+ hiTiq;;(a;0 — aiO)W +Cjp +¢ie
By letting,
2
hi Ria3; hilair — Siai1 + Tiq;3(a;; — ai1)] hi Tiq;7 (azy — aio)
Qjg = , i3 = 5 , Uy = ———— o,
12 6r 2r
we obtain
4
vit(x) = Y ke ™+ cjg+clie™
k=2
with
4 . —kra 4 . —krb 4
1 _ D k=2 ike — D jn ®ike 1 _  —kra 1 —ra
¢1 = b — B Cio = — e —Cj€
e ro __ e ra
k=2

The second iteration follows as
Ri1(x) = 8r2Riai1a,‘4675”+[16r2ai4+6Rir2ai1ai3—4Sirai4+7}ql-;(a;4 — oz,-4)] e Hx
+ [9ai3r2 +4Rir*ajian — 3Sirais + Tiq;i (o, — Oli3)] e s
+ [4r201,'2 + 2R,~r2a,~10i11 —28iraio + Tig;; (o5, — aiz)] P

+ [cillr2 - S,'rcill + T,'ql-;(czl1 — cl-ll)] e+ Tiqi;(clflo - Cilo) ,

which, in turn, gives

—Trx
Vi 2(x) = v,1(x) +8hiRiailai4T
e—6rx
+h; [16r2a,-4 + 6Rir?aj103 — 4Sirais + Tiq;i (s, — oc,-4)] 30,2
875rx
+h; |:9(xi3l’2 + 4R,‘I’2ai10t,'2 —3Sira;z + Tiq”’»(OtZTS — Ol,'3)] 720’2
e—4rx
+h; |:4r20{,‘2 + 2Ri”2!1i1Ci11 —2Sirapp + Tig;;(ayy — Oliz)] 7
12 1 1 1\ 1 e
+h; [cilr = Sirc;; + Tig;; (Ch — c“)] o7 + hiTiq;;(c5, — Cio)?

2 2 —rx
+cjo + e .
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By letting,

8 8hiRiaiig hi [16r2a;4 + 6Riraj10i3 — 4Sirais + Tig;; (g, — ai4)]
i1 = —————, Bic= ;
42 30r2
5 hi [aisr? + 4Rir*aiain — 3Sirais + Tiq;; (a3 — i3)]
is =
20r2
N [4r2aiz 4+ 2Rirajic}y — 2Sirain + Tig;i (o, — i) ] _
Pia = 1212 i
hi |k r? = Sirel + Tig-(c), — cl) -(c! 1
8 1%l el i9;i\C3 il n 8 ﬁiTiql'i(C;O —¢ip) n
i3 = a3, Pop=—"77>——+an,
6r2 2r2
we obtain
7
via(x) =Y Bue X+ ey +che T+ + e
k=2
with
7 _ 7 _
2 Zk=2 Bike kra _ Zk:z Bike krb 1
G = b — — i1
e ro __ e ra
;
cl-zo = — Z,B,'ke_k”‘ - clzle_m - cilo - cille_m.
k=2

The third iteration follows as

Ri2(x) = 49r* R Be™ """ + 84r* BigBirRie™ "™ + (T0BisPiz + 36875 Rire™ 2™
+(56B:4Bi7+60Bi6Bis)r* Rie™ " +(42Bi3Bi1+48Bia i + 25B75)r* Rie ™0
+(28Bi2Bi7+36Bi3Bi6 +40BiaBis))r* Rie ™ +[(14Bi7(c}y + ¢}1) + 24P Bie
+30B:5Bi3 + 1682) + 14a;1 Bi7lr* Rie ™
+L(12(c}, + ¢} Bis + 20BisPiz + 24Bi3Bia + 12ai1 Pie)r* Ri + 49r* Big
—78irBi7 + Tiq;:(Br, — Bin)le™ "™
+[(10(c}, + ) Bis + 16BiaBiz + 9B% + 10a;1 Bis)r* Ri + 36r2 Bis — 6SirBis
+T;q;7 Bz — Bio)le ™
+[(8(c}, + ) Bia + 12Bi3Bi2 + 8ai1 Bia)r* Ri + 25r* Bis — 5SirBis
+T;q;7(Bss — Bis)le "™
HL(6(c), + c)Biz +4BF + 6ai1Bi3)r* Ri + 161 Bis — 4S;rBia
+Tiq;;(Bry — Bia)le ™
+[(4(C,-11 + C,-21),3i2 + 8a;1 iz + 4ai1 Bi)r* Ri + 9Bi3r® — 3SirBi3
+Tiq;; (Bi — Biz)le ™
+((c}y + )+ 2ai1 (¢l + )P Ri + 4Biar® — 28irBin
+T3q;7(Bsy — Bin)le '™
+l(cl + P = Sir) + Tigil(c], + ¢2) = (cfy + ci)le ™™
+Tiq;;l(chy + c3) — (cjo + o)),
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which, in turn, gives

5 e—16rx e—ler
v;3(x) = v;2(x) + ﬁi49Riﬁi7W + 84hiﬁi65i7RiW
—14rx

2 e
+h; (708587 + 36B;5) R, BTN

—13rx

e
+h; (56847 + 60B;6Bis) R 56

e
+h; (42l3i3ﬂi7 + 48BiaBic + 25,8,-25) R; T

—11rx

e
+(28Bi28i7 + 36Bi38i6 + 40Bi4Bis)) R; o~

—12rx

e—lOrx
+hi[(14ﬂi7(cl'21 + cill) + 24Bi2Bi6 + 308i56i3 + 16,3,~24) + 14a;1 Bi7]R; %0

+h[(12(c} + C,-21),3i6 +208i5Bi2 + 24Bi3ia + 12a:1 Big)r> Ri 4 49r2 Bi7
—9rx

=18irBi7 + Tiq;; (B — /31'7)]727

+H:L(10(c), + ¢2)Bis + 16BiaBir + 9B% + 10a;1 Bis)r> Ri + 36r2 Big
—8rx

—6S;rBic + Tiq;;(Big — ﬁi6)]567
+1i[(8(c}y + ¢} Bia + 12Bi3Bia + 8ai Bia)r* Ri 4 2512 Bis — 5SirBis

ef7rx
+Tiq,-,"(,3,"5 - ﬂis)]m
+hi[(6(c); + 2D Bis + 4% + 6ai1 Bi3)r> R + 1672 Bia — 4SirBia
e*()rx

+T1iq;; By — Bid)l 55 7
+hi[(4(c}y + ) Bin + 8ai fir + 4ai1 Bi)r* Ri + 9Bi3r® — 3SirBi3

—5rx
+Tiq,-,"(ﬁ,"3 - ﬁiB‘)]W
+Hi[((c}y 4+ ¢}) + 2ai1(c}y + AR + 4Biar® — 28irBin

—4rx
+Tiaii (B — Bix)l 157

e—3rx
Hhillejy + ) = i) + Tigl(ej, + ) = (e + )=
1 2 1 N 3 3 ,
+hiTiq;;1(c;, + ¢5) — (cjo + ¢ip))] 52 + o+ e
By letting,
_ MA9RiBE  BamBiePiaRi  hi(T0BisPi7 +36B7)Ri
Yile = 240 ,  Yils = 210 ,  Yild = 182
1 (56Bi4Bi7 + 60Bi6Bis) Ri hi (42Bi3Bi7 + 48BiaPic + 25B%) Ri
Yi13 = 156 s Yil2 = 132
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(28Bi2Bi7 + 36Bi3Bi6 + 40BiaBis)) Ri

Yill =

110
 hil(4Bir(chy + ¢fy) + 24BinBis + 30BisBis + 1687) + 14ai1 B Ri
Yilo = 90
o Ri[(12(c}, +¢2)) Bis +20B;s Bia +24Bi3 Bia+12ai1 Bio)r? R +49r2 Bi7 = TSirBin+ Tiq; (B — Bin)]
Yio = 72,2
o Bi[(10(c}, +¢2) Bis+16BiaBiz+9B% +10a;1 Bis)r? Ri+36r2 Big — 68irBis + Tq;7(Big — Bie)]
Yis = 56r2
Ril(8(c)y + c2)Bia + 12Bi3Bi2 + 8ai1 Bia)r> Ri + 25r* Bis — 58;1Bis + Tiq;;(Bis — Pis)]
vi1 = 2 + Bi7
Ril(6(c), + c2)Biz +4B% + 6ai1Biz)r’ Ri + 1692 Bis — 4SirBia + Tiq;; (Bry — Bia)]
Yie = 3 + Bie
30r
Ri[(A(c), + c})Biz + 8ai1 Bio + 4ai1 Bi)r* Ri + 9Bizr? — 3SirBiz + Tiq;; (B — Bizo)]
Yis = 0,2 + Bis
hil((e}, + ) + 2ain (¢}, + )r* Ri + 4Bir® = 28irBin + Tiq;i (B, — Bioo)]
Yia = 3 + Bia
12r
hil(e}y + )0 = Sir) + Tiggl(e], +¢3) = (¢} + )]
Vi3 = 62 + Bi3,
T
Tl ) = o+l
Yi2 = 22 + Bi2,
r
we obtain
16
— — — 3
viz(x) = Zyike ke el che™ + i+ e ey + e,
k=2
with
(leciz vike N7 _Cilo_cille_rb_cizo_cizle_rb) - (Ziiz yike 7 —cg—cjye _"?O_C"zle_m)
1 =

e—ra _ g—rb

16
3 —kra 1 1 —ra 2 2 —ra 3 —ra
Cioz_zl’ike —Cio—Cne  —Co—C1e T e
k=2

An approximate analytical solution truncated to second order would follow as

Vi(x) & v;,0(x) + vi1(x) + v 2(x) +vi3(x) ... i =1,2.

References

Asmussen S (1989) Risk theory in a Markovian environment. Scand Actuar J 1989(2):69-100

Bassukas ID (1994) Comparative gompertzian analysis of alterations of tumor growth patterns. Cancer Res
54(16):4385-4392

Dawson NJ, Kounta M (2019) Homotopy analysis method applied to second-order frequency mixing in
nonlinear optical dielectric media. J Nonlin Opt Phys Mater 28(4):1950033

Ferrante L, Bompadre S, Possati L, Leone L (2000) Parameter estimation in a gompertzian stochastic model
for tumor growth. Biometrics 56(4):1076-1081

Fleming WH, Soner HM (2006) Controlled Markov processes and viscosity solutions, 2nd edn. Springer,
New York

@ Springer



1172 Methodology and Computing in Applied Probability (2021) 23:1155-1172

Hamilton JD (1989) A new approach to the economic analysis of nonstationary time series and the business
cycle. Econometrica 57(2):357-384

He JH (2004) Comparison of homotopy perturbation method and homotopy analysis method. Appl Math
Comput 156(2):527-539

Hieber P (2014) First-passage times of regime switching models. Stat Prob Lett 92:148-157

Lefebvre M (2014) LQG homing for jump-diffusion processes. In: ROMAI J., vol 10, pp 147-152

Li X, Jiang D, Mao X (2009) Population dynamical behavior of Lotka-Volterra system under regime
switching. J Comput Appl Math 232(2):427-448

Liao S (2003) Beyond perturbation: Introduction to the homotopy analysis method. Chapman & Hall / CRC,
Boca Raton

Liao S, Zhao Y (2016) On the method of directly defining inverse mapping for nonlinear differential
equations. Num Algorithms 72(4):989-1020

Liu M, Wang K (2010) Persistence and extinction of a stochastic single-specie model under regime switching
in a polluted environment II. J Theor Biol 267(3):283-291

Lu Y, Li S (2005) On the probability of ruin in a Markov-modulated risk model. Insur Math Econ 37(3):522—
532

Luo Q, Mao X (2007) Stochastic population dynamics under regime switching. J Math Anal Appl 334(1):69—
84

Luo Q, Mao X (2009) Stochastic population dynamics under regime switching II. J Math Anal Appl
355(2):577-593

Sj L (1995) An approximate solution technique which does not depend upon small parameters: A special
example. Int J Nonlin Mech 30(3):371-380

Wang J, Forsyth P (2008) Maximal use of central differencing for Hamilton-Jacobi-Bellman PDEs in finance.
SIAM J Numer Anal 46(3):1580-1601

Whittle P (1983) Optimization over time: Dynamic programming and stochastic control Wiley series in
probability and mathematical statistics: Applied probability and statistics. Wiley, Chichester

Whittle P, Gait PA (1970) Reduction of a class of stochastic control problems. IMA J Appl Math 6(2):131-
140

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Linear Quadratic Gaussian Homing for Markov Processes with Regime Switching and Applications to Controlled Population Growth/Decay
	Abstract
	Introduction
	Notation and Problem Formulation
	Notation
	Problem Formulation

	Dynamic Programming
	Optimal Control
	Verification Theorem
	Uncontrolled System

	Computational Algorithm
	Optimal Homotopy Analysis Method OHAM
	Finite difference Method for the Uncontrolled Equation

	Extending an Application to Include Regime Switching
	Conclusion
	Appendix A A: Proof of Proposition 4.2
	Appendix B: Recursive Calculation of the Value Function Via OHAM
	References


